Abstract-The growing use of electronic switching devices in both power systems and distributed networks, has become a major issue due to the produced harmonic and interharmonic distortion that adversely affects the network. This paper extends a recently introduced harmonic domain modeling technique, i.e., flexible extended harmonic domain (FEHD), to include interharmonics and/or supraharmonics for both steady-state and transient simulations. 
I. INTRODUCTION
Inclusion of power electronic converters (PECs) impacts negatively power quality of electrical distribution networks, especially when distributed generation is involved [1] - [3] . Besides harmonic distortion, harmonics dynamics allow to assess flickering, mechanical vibration in transformers, harmonic resonance, useful life reduction, among others [1] - [4] .
In power systems, electrical waveforms are expected to be purely sinusoidal with constant magnitude and frequency (50/60 Hz). However, voltage/current waveforms may contain distinct frequencies superimposed into fundamental power frequency, which are mainly introduced by PECs and nonlinear loads, impacting neighboring network elements [3] . The frequencies that are integer multiples of the fundamental frequency are called harmonics, while frequencies noninteger multiples are called interharmonics [4] . On the other hand, supraharmonics are frequencies in the range from 2 to 150 kHz [5] .
It is a common practice to evaluate waveform distortion by using the fast Fourier transform (FFT) algorithm due to its computational efficiency [6] . However, FFT may incur in well-known errors, e.g., aliasing, spectral leakage, and Gibbs phenomenon [7] , [8] . On the other hand, for appropriate interharmonic distortion analysis, a large number of samples and a low fundamental frequency are required, which makes the interharmonic analysis a challenging task.
This paper extends the flexible extended harmonic domain (FEHD [9] ) modeling technique to include interharmonics for steady-state and transient simulations. The proposed FEHD model permits to obtain reduced-order switched network models by selecting distinct frequencies (not necessarily integer multiple sequentially-numbered of the fundamental frequency) in each part/state-variable of the system. Two case studies of switched networks, i.e., a boost converter and a photovoltaic (PV) system, are presented. The waveforms obtained by the proposed approach are verified with the Power System Computer-Aided Design/Electromagnetic Transients Including Direct Current (PSCAD/EMTDC) software tool [10] .
II. FOURIER EXPANSION SERIES
This section describes the incorporation of interharmonics (and/or supraharmonics) into the Fourier expansion series, which are the backbone of the FEHD technique. The harmonic/interharmonic impact and incurred errors when utilizing the FFT algorithm in FEHD modeling are described.
A. Harmonics
Generally, an nth order linear time-periodic system, with fundamental period To, can be represented in time-domain as [11] :
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where a, b, c, and d represent the state, input, output, and feedthrough matrices, respectively; x, y, and u denote statevariable, output, and input column vectors, respectively. Any particular element of matrix a(t) (similarly for b(t), c(t) and d(t)) in (1) can be expressed as the Fourier series expansion expressed here as:
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where ak denotes a complex Fourier coefficient, fo indicates the fundamental frequency, h represents the highest harmonic under study, and subscripts m and n correspond to the row and column element position, respectively in matrix a(t).
B. Interharmonics
For the special case when interharmonics (and/or supraharmonics), inherent of switching converters, nonlinear loads, mechanical devices, among others, are introduced into the system, the fundamental period of the linear time-periodic system (1) becomes:
where gcd denotes the greatest common divisor and fk represents the distinct involved frequencies (integer and noninteger multiples of the fundamental frequency fo).
The new fundamental period T * , as given by (3), implies that the Fourier series expansion, as in (2) 
where f * indicates the new fundamental frequency and h * represents the highest frequency component under study.
For the sake of illustration, consider a voltage source converter (VSC) based high-voltage direct current (HVDC) system that connects two independent neighboring systems with different frequency, e.g., 50 and 60 Hz. The switching frequency of the VSCs is deviated, due to aging, from 2 kHz to an interharmonic frequency equal to 2.025 kHz. Then, the fundamental period corresponding to the whole VSC-HVDC system, computed with (3), results in:
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Any particular element of the VSC-HVDC system can be described as the Fourier expansion series given by (4) Fig. 1(a) depicts the voltage waveform given by (6) , where the time transitions from black to red, red to dark blue, and dark blue to light blue stand for the time duration corresponding to 60, 50, 10 and 5 Hz, respectively. Fig. 1(b) presents the harmonic content corresponding to v(t). This content obtained via the FFT algorithm with a sample rate of 0.2 MHz and distinct window sizes corresponding to the inverse of the aforementioned frequencies, i.e., 16.66 ms, 20 ms, 0.1 s and 0.2 s. From Fig. 1(b) , it can be noticed that the correct results are achieved when an appropriate window size, i.e., T * = 0.2 s, as computed with (3), is selected. On the other hand, the selection of erroneous window sizes, when analyzing a discrete signal that involves interharmonics (and/or supraharmonics), yields to spectral leakage [7] , [8] , as shown in Fig. 1(b) .
III. FEHD: INTERHARMONICS
This section describes the incorporation of interharmonics (and/or supraharmonics) into the FEHD modeling technique aimed at steady-state and transient simulations of switched networks.
The FEHD modeling technique represents a reduced-order re-structured extended harmonic domain (EHD [12] ) technique that involves not necessarily integer multiple sequentially-numbered of the fundamental frequency in each state/part of the switched network. The practical FEHD implementation involves two basic steps: i) harmonic/interharmonic selection in each part of the network based on its topology and ii) re-structuration of Toeplitz-type matrices to perform convolution between two vectors that contain distinct frequency content.
Basically, the FEHD technique permits to transform, via (4), the linear time-periodic system (1) into a reduced-order EHD model as in (7).
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where the differentiation matrix N, arranged as a blockdiagonal matrix, is given by
} repeated n times (with km being the selected harmonics/interharmonics under study). Moreover, the time-periodic elements in matrices A, B, C and D become re-structured Toeplitz-type matrices given by the frequency content of outputs, inputs, and switching functions [9] . The solution vector X(t) in (7) represents an FEHD column vector involving the selected harmonics and interharmonics in each state/part of the system. For example, for a generic state we have:
where xkm represents either a harmonic or an interharmonic complex coefficient and T indicates transpose. Furthermore, the steady-state of the system in (7) can be readily obtained in the flexible harmonic domain (FHD) by setting to zero its derivative term, i.e., 
For the sake of illustration, a simple case that involves a product between two signals involving distinct frequency content (with harmonics and interharmonics) is presented next.
Consider the following time-domain product:
where R represents a constant resistor, sw(t) corresponds to a periodic switching function, and v(t) and i(t) denote voltage and current waveforms, respectively. The FEHD counterpart of (10) 
Then, the expanded form of (11) 
where, as stated in [9] , it is observed that the switching function matrix becomes a modified Toeplitz-type matrix. The row and column dimensions of the modified Toeplitztype matrix are dictated by the frequency content of output (voltage) and input (current) vectors, respectively. The reader can refer to [9] for further details of the FEHD modeling technique.
IV. CASE STUDY I: BOOST CONVERTER
This section aims at verification and validation of the outlined FEHD theory. To achieve this, we present distortion analysis of a boost converter in open-loop operation using non-integer multiples of the conventional power frequency (50 Hz for this case). The boost converter circuit adopted here consists of an inductor, two semiconductors (transistor and diode), and a capacitor, as shown in Fig. 2 (see Table I for parameter definitions).
The simulation is implemented in Matlab using the trapezoidal rule as numerical integration method to solve the corresponding differential equations and a computer i5-6200U CPU, 2.3 GHz, and 8GB RAM. Results are further validated with the PSCAD/EMTDC software tool [10] . Table II reports the adopted dominant frequencies involved in the boost converter system of Fig. 2 . The dominant frequencies are chosen based on the frequency content of the adopted PWM control and parameters of Table  I (please refer to [9] for further details). It is observed from Fig. 4(a) that the dynamic responses by methods a) to c) converge to the steady-state solution given by the FHD model. Fig. 4(b) presents the corresponding interharmonic evolution with respect to time of the computed variable, obtained with the FEHD models and PSCAD/EMTDC. The evolution by FEHD models is calculated by evaluating Fourier series substituting the corresponding coefficients from solution vector X into (4). The instantaneous harmonics dynamics by the FEHD models can be used to calculate power quality indices instantaneously, e.g., ripple current/voltage, which may cause several issues as heating in the capacitor. On the other hand, PSCAD/EMTDC requires a post-processing routine to obtain harmonics dynamics, which in fact provides inaccurate results due to the implicit error incurred by the commonly used FFT algorithm, as shown in the inset of Fig. 4(b) .
It is mentioned that the fundamental frequency used for computing the interharmonic evolution in PSCAD/EMTDC, for this case study, was selected equal to the switching frequency, i.e., 8.192 kHz. It is worth mentioning that for a switched network involving more than one non-integer multiple of the fundamental frequency, harmonic and/or interharmonic computation results in a challenging task [13] as any appropriate frequency, which should include all the frequency content, may be selected as fundamental frequency. Table III presents the simulation data used for this case study, including the cpu-times by the three methods. Table III shows that the FHD model requires the smallest cpu-time; this is due to the direct stationary solution involving an inverse matrix computation only. Also, Table III shows that the FEHD model requires less cpu-time than the PSCAD/EMTDC simulation due to the fact that the FEHD model is able to use a larger time-step [9] . The latter would require a post-processing procedure to obtain harmonics/interharmonics dynamics, incurring in additional cpu-time. Moreover, FEHD, FEHD-average, and FHD, all would result in smaller cpu-times if programmed in C ++ environment.
V. CASE STUDY II: THREE-PHASE PHOTOVOLTAIC SYSTEM
This case study consists of simulation of a three-phase PV system in closed-loop operation. This case study is simulated using the same computational resources as case study I. Due to space limitations, the reader is referred to [9] for further details of the adopted PV model.
The equivalent circuit for the three-phase PV system adopted in this paper is depicted in Fig. 3 at the top of this page. It consists, from left to right, of a PV array equivalent, a DC-link capacitor, a boost converter, a three-phase inverter, an LC low-pass filter-bank, a PI-shaped distribution line, and a nonlinear load. The corresponding parameters are given in Table IV . The results by the proposed FEHD model are compared again with those by PSCAD/EMTDC [10] .
The transient scenario, for this case study, consists of the starting-up of the three-phase PV system, Fig. 3 , with the inverter and maximum power point tracking controls deactivated during the period 0 t < 0.5 s and activated for the period t 0.5 s. It is mentioned that all elements are initially discharged and control signals are updated every fundamental period to achieve the best performance of power conversion. Table V reports the adopted dominant frequencies involved in the three-phase PV system of Fig. 3 . The dominant frequencies are chosen based on the frequency content of the adopted PWM control schemes, nonlinear characteristics of the load, and parameters of Table IV (please refer to [9] for further details). Fig. 3 . Three-phase PV representation. Fig. 5 show an excellent agreement between PSCAD/EMTDC and FEHD, as presented in the corresponding insets. Fig. 6 shows the harmonic and interharmonic evolution, corresponding to the transient waveforms presented in Fig. 5 , given by the PSCAD/EMTDC and the proposed FEHD model. It is worth mentioning that, due to the presence of interharmonics in the complete system, computation of harmonic and interharmonic evolution by PSCAD/EMTDC introduces spurious errors into the analysis, e.g., spectral leakage (as shown in the inset of Fig. 6(a) ). This is due to the consideration of 50 Hz as fundamental frequency in PSCAD/EMTDC. Conversely, the proposed FEHD model provides harmonics/interharmonics dynamics accurately, in a straightforward manner, and in a step-by-step fashion [9] . Table VI shows the simulation data used for this case study. It is worth mentioning that PSCAD/EMTDC simulation requires a very small time-step due to the high switching frequencies, inherent of PWM techniques. Table VI and Fig. 5 conclude that the proposed FEHD model provides computational savings while keeping accuracy.
,((( 0LODQ 3RZHU7HFK
Similar to case study I, the PSCAD/EMTDC solution requires a post-processing routine to obtain harmonics/interharmonics dynamics, which in fact provides inaccurate results due to the implicit error incurred by the conventionally used FFT [7] , [8] . It is noted again that FEHD is programmed under Matlab environment.
VI. CONCLUSIONS
This paper has extended the FEHD modeling technique to include interharmonics for both steady-state and transient simulations. The major characteristic of the FEHD modeling technique is the availability of the instantaneous timevariation of harmonics and interharmonics, which can be used to calculate instantaneous power quality indices, e.g., ripple current/voltage and total harmonic distortion, of any switched network. On the contrary, conventional modeling techniques, e.g., PSCAD/EMTDC, require a post-processing procedure to obtain both the harmonic and interharmonic content.
Two main characteristics of the proposed FEHD-based approach are the non-dependence of a sampling frequency and the assumption of time-varying dynamics of harmonics and interharmonics. In other words, the proposed FEHD approach does not incur in spurious errors, e.g., spectral leakage, Gibbs phenomenon and aliasing, compared to PSCAD/EMTDC, which is based on the FFT algorithm for signal digital processing. Moreover, FFT-based methods require a large number of samples being evaluated during a large period when interharmonics (and/or supraharmonics) are involved.
Two case studies involving switching electronic devices, which use interharmonic switching frequencies, are presented. The waveforms obtained by the proposed models are verified with the PSCAD/EMTDC software tool, revealing an excellent agreement. 
